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Abstract

In this paper an asymptotic analysis of the near-tip stress and displacement fields of a crack in a power-law
hardening material has been presented. Singular exponent A is investigated for the determination of singular
stress and displacement fields for the crack. Symmetric loading condition is applied in this analysis. To
determine the singular exponent, A strain compatibility equation has been derived where 4™ order differential
equation has been solved using Range-Kutta method. The solution technique of non-linear compatibility
equation, the calculation results are presented as well. All results are calculated with the assumption of plane
strain condition. The solution obtained for A1 is compared with the results of other researcher solved for crack
problem.

Keywords: Asymptotic analysis, singular stress, singularity, compatibility equation, Range-Kutta method, Non-
linear solution, crack.

1. Introduction

In recent years, a considerable amount of work has been done in studying crack growth behavior in power-law
hardening materials [1-4]. The importance of these studies stems from the fact that the crack growth behavior in
the material may significantly affect the integrity of the structure made of that material. The basic approach used
in characterizing the particulate material is based on linear elastic or non linear fracture mechanics. According to
the theories, crack growth behavior is controlled by the local stress/strain near the crack tip. Therefore, the
values of local stress/strain near the crack tip must be determined. When crack occurs, the high stress at the
crack tip will induce high damage near the crack tip region. The high damage zone at the crack tip is defined as
the failure process zone, which is a key parameter in fracture mechanics [14-16]. Experimental data reveal that
when the local strain reaches a critical value, small voids are generated in the failure process zone. The
heterogeneity of the microstructure plays a key role for local damage and strain distributions near the crack tip.
Experimental results indicate that the high strain field is localized within 1 mm of the crack tip. Also, the time -
dependent damage initiation and evolution processes are contributing factors to the non-steady crack growth in
this material [17-19]. Recently the interfacial crack mechanism expected much interest, largely due to the
existence of interfacial fracture in lots of advanced materials such as polycrystalline alloys, structural ceramics,
and composites. Early research work on this field can be found in Williams, England, Erdogan, Rice and Sih
and so on [5-10]. As for the interface cracks of the elastic-plastic materials, a significant progress was made by
Shih and Asaro in 1988 [11]. Through the detail full-field computational investigations by the finite element
method, they found that the near tip fields of crack on biomaterial interfaces have the nearly separable form
solutions of the HRR type in an annular region within the plastic zone. Wang presented an exact asymptotic
analysis for a crack lying on the interface of an elastic-plastic material and linear elastic material. A separable
singular stress field of the HRR type has been found in the plastic angular zone around crack tip [12].

A crack in a far field which is tensile in a direction perpendicular to it is considered. A solution to compatibility
equation is sought in the immediate vicinity of the crack tip where the stresses are large, and, on the basis of the

theory which has been laid down, are unbounded as the crack tip approached [13]. An asymptotic expansion of
the solution is attempted in the form,

0=r"0, () + r 0,(8) +....... 1)
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Where, if the first term is to be singled out as the dominant one, s < t etc, our search will be restricted to only the
dominant term in such an expansion,

0 = Ar**t ¢ (6) @)

Where the amplitude A will permit us to adjust the amplitude of $ in some arbitrary, yet appropriate manner.
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Fig.1: Conventions at crack tip
2. Mathematical Equations

Stress and strain relationships
The generalized dimensionless relationship between strain and stress governed by a power-law form and J, -

deformation theory is

(1—21/)
3
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Oy =0, +0,, +0,,; For plane strain condition: &,, =0; o,, =Vv(o, +0,,)
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O, = ES”—S”— (6)
1
And, Sij = 0jj _Eakké‘ij @)

It is noted that the barred quantities in Eq. (5) are the non-normalized field variables, (Gy,Sy) is a reference

point for the uniaxial stress -strain curve, Oy Eij and §ij are the stress, strain and deviatoric stress component

along ij direction, wherei, j are used for subscript indicates X, y orr, & ( ij denotes rr, & and r@). E is the
initial slope of the stress-strain curve called Young’s modulus, 5” is the two dimensional Kronecker delta

symbol, v is the Poisson ratio, « and n are hardening coefficient and hardening exponent, respectively. o, is
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the effective stress and Si is the stress deviator. Stress quantities normalized by yield stress and strain quantities
are normalized by corresponding yield strain.

Equilibrium

In problems, the equilibrium equations are automatically satisfied for all stresses derived from the Airy stress
function ¢ when the stresses are defined in the following manner,

104 1 0°¢
T ror r?o6° ®)
o0°¢
O'%, =W (9)
_1op 10%

- Zr_= 10
%230t oro0 10

Where ¢ is called the Airy stress function.

The dimensionless stress function ¢ and coordinate I are given in terms of dimensional quantities (barred) by

¢

o= E and I =

Oy

where L is the characteristic length (for example half length of the crack).

— | =l

Compatibility and strain-displacement equations

Using small deformation theory, the compatibility equation in terms of strain components is written,
_1 88” +g 6‘99«9 + 82599 _3 68“9 i azgrr _g azgrg —

ror r or  orr r® 06 " r’ 06° r oroé 0 D
Plane strain condition
&, =0;0r o, =v(o,+0,)
grr = (1+ V){(l_ V) O-rr o VO_@G} +§(ZG§13” (12)
£ =(1+V) {(1— V)0, —VO, } + gaae”_lsw (13)
&y =(1+v)o,, +%a0'e”’lsr9 (14)

In this approximation, the elastic strains in compared with the plastic strains are small and can be neglected in

the asymptotic analysis. Hence according to the plastic deformation theory the three dimensional stress-strain
relations take the form,

_ 3 n-1

£j =00, S; (15)
The small deformation strain-displacement relations are as follows,

ou,
Ey = P (16)
6 =—u, + 2 )
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Boundary conditions

(696' )9:0 =0 - (‘766 )azﬁ =0 (19)

(Grﬁ )9:0 =0 (Gr@ )9=7z =0

Governing Differential Equation

Assumed, ¢ = Ar*g
Compatibility equation becomes in the form of,

) ¢ %9 04 -

cx—‘ﬁz—B —¢3,—¢;,—¢,¢, n, A (20)
00 00° 00° 00

Where B and C are derived using Mathematica software. Equation (20) is the fourth-order ordinary differential

equation of ¢Zlk . The governing differential equation and boundary conditions define an Eigen value problem. A

fourth-order Runge-Kutta method and the shooting method were used to solve the problem. The Mechanical
properties of power-law hardening materials are given in Table 1. E is Young’s modulus, V is the Poisson’s
ratio.

Table 1. Mechanical Properties of cracked materials

Properties E[GPa] 14 o, [MPa] n o po [MPa]
y
Material | 108 0.33 30 3 10.1 130
Material 11 108 0.33 30 3 10.1 130
Stress calculation
. - 0%
o, =Ar*! (/1+1)¢+—¢z (1)
00
o = Ar T (A+1) A4, (22)
o, ——Ar2 %0 (23)
00
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Displacement Calculation
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To satisfy the boundary conditions for the crack case

- s
%=0 And 8—¢3:
06 o6

ol

, A also calculated.
92

0, where other unknowns ¢7,

e 7 N\ A2 7 27\
Assumed at@ =0, ¢ =1.0, 0 ¢; , A and after integrationg = ¢', %: (4 ,6—¢;= 0 ¢z and
00 00 \00) 00 00

37 37\
6_¢3 = a—¢3 where the error are calculated as,
00 06
errorl=(A+1) 14’ 27)
error2=-4 o9 (28)
00
Finally the error value is calculated by, error = \/(error1)2 +(err0r2)2 (29)

The final solution is obtained from the minimum error region and calculated numerically the solution where the
minimum error occurs. The solution point finding techniques are shown in Fig. 2 and Fig. 3.
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3. Results and Conclusion

Fig.3 finally shows the solution point (point which shows the minimum error is the solution point). The value of
wIL(3) = —0.63705+5x10"° and 2 = 0.75+1x107° obtained for the minimum error.

Characteristics of singular stress field near the crack-tip are investigated numerically from the solution of
differential equation governing the stress function obtained from compatibility equation. Fig. 4 shows the
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angular variation of normalized stresses near the tip of a crack for plane strain condition under the symmetric
loading condition. The angular variation of normalized displacements for plane strain is shown in Fig. 5.
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The stress fields can be expressed by r**and displacement is proportional to r* " Where ris the distance
from the crack tip and Ais the Eigen value called singular exponent. For the continuity of displacements
requires A >0 and from the stress fields’ unbounded stress occur when A <1, a value of A such that
0 < A4 <1 will give unbounded stress near the tip of the crack.

For presenting the results, it is necessary to give an idea about the accuracy of the numerical technique and the
reliability of the program used. Here, ten thousand segments are taken along the angular edges, and fourth-order
Runge-Kutta method is used for the solution of differential equation. An agreement has also been obtained with
the solutions investigated by Hutchinson is presented in Table 2 and the value of A is 0.75 measured for the
power-law hardening exponent n = 3 for the plane strain condition under symmetric loading for the crack. Stress
and displacement fields for n = 5, 7 and n = 13 are also determined which are not presented here. Which means
presented iteration method is suitable for the determination of near tip singular fields for crack of power-law
materials of different co-efficient. In the future study, the solution will be presented the effect of the addition of
another term with the dominating first term iteratively.

Table 2. Comparisons of results of nonlinear crack (plane strain condition)

Power-law ~ 8245 by
hardening ¢ .
exponent, N 06?2 Error A Error J.W.Hutchinson
3 1.0 -0.63705 +5%x107° 0.75 +1x10°° 0.75
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